Here m is the number of cycles of σ, j is square-free part of the greatest common divisor of the lengths of σ and r is the number of prime divisors of j. ^ coincides with G exactly when j is prime. !• Preliminaries* Let (P, ^) be a finite partially ordered set. An automorphism σ of (P, 50 is a permutation of P satisfying x ^ y iff xσ 5Ξ yσ for all x, y eP.
The group of all automorphisms of P is denoted Γ(P). For σeΓ(P), let P σ -= {xeP: xσ = x}. The set P σ together with the ordering inherited from P is called the fixed point partial ordering of σ. If P is lattice then P σ is a sublattice of P. To see this, let x, y e P σ . Then (x V y)σ ^ xσ ~ x and (x V 2/)σ ^ yσ = y, so (ce V 2/)0" ^ %V y. lί {x\f y)σ > xV y, then (a V y) < (x V 2/)tf < (x V ^/)cτ 2 < forms an infinite ascending chain in P which is impossible since P is finite. So (x V y)(J = x\/ y hence the set P σ is closed under joins in P. Similarly P σ is closed under meets.
A partition p of a finite set i2 -{α^, , o) n } is a collection = BJB 2 / /B k of disjoint, nonempty subsets of Ω whose union is all of Ω. The set of all partitions of Ω is denoted Π(Ω); if Ω = {1, 2, , n) this is written Π(N). Π(Ω) ordered by refinement is a lattice.
Let S n denote the symmetric group on the numbers {1, 2, •••,%}. Define an action of S n on Π(N) as follows; for cr 6 S n and BJ -jB h e 5,(7/5,(7/ -/B k σ 320 PHIL HANLON where B t σ = {bσibeBi}. It is easily checked that this permutation representation is faithful and that each σ e S n acts as an automorphism of Π(N).
Recall that a lattice L is upper semimodular provided that all pairs of elements x, y eL satisfy the condition (*): ( * ) If x and y both cover x Ay then x\ίy covers both x and y.
A lattice G is geometric if it is upper semimodular and if each element of G is a join of atoms. Its easy to check that every finite partition lattice is geometric. Let L be a finite lattice and A a maximal chain in L from 0 to 1. If, for every chain K of L the sublattice of L generated by K and A is distributive, then we call A an M-chain of L and we call (L, A) a supersolvable lattice (SS-lattice).
Let L be a finite lattice with rank function r and let m = r(l). The Birkhoff polynomial of L, denoted B L (X) is defined by B L (x) = Σ MO, *)λ"-"*>.
xe L

Here μ is the usual Mδbius function of L.
It is assumed in § § 3 and 5 that the reader is familiar with the structure theory for supersolvable lattices given by Stanley and particularly with his elegant results concerning Birkhoff polynomials of supersolvable geometric lattices (see Stanley [4] ). For more about lattice theory see Dilworth and Crawley, [2] .
If if is a lattice and S & subset of K we say S is a meetsublattice of K if S together with the inherited ordering is a lattice in which the meet agrees with the meet in K.
2. The structure of (Π(N)) σ . Throughout this section we assume that n is a fixed positive integer and that σ is a permutation of {1, 2, ••-,%}. We write according to its disjoint cycle decomposition as a permutation of {1,2, --,ri\. We refer to (c itl , •• ,c ί ,ι J ) as the ith cycle of σ and denote it by C*. Note that l % is the length of C t and so l x + + lm = w Let L denote the fixed point partition lattice (Π(N)) σ . Observe that if β = BJ /B k eL then BJ jB h = jB x σ/ /B k σ and so σ permutes the blocks of β. We let Z(σ; β) denote the cycle indicator of this induced action of σ on the set of blocks of β. The following observation is presented without proof. In a similar way, β induces a partition of the set of cycles {CΊ, •••,(?"} which is defined in terms of the equivalence relation b y Ci -Cj iff there exists c e C i9 deC d and a block of β containing both c and d. This relation is transitive since each cycle is divided amongst a cyclically permuted set of blocks. We denote the resulting partition of {C l9 , CJ by p(σ; β). EXAMPLE 1. Let n = 4 and σ = (1, 2) (3, 4) . The partition β = 1/2/34 is in L; the cycle indicator Z(σ; β) = x t x 2 and the partition p(σ; β) puts each cycle in a block by itself.
If instead we let β = 13/24 we have Z(σ; β) = x 2 whereas the partition p(σ; β) has just one block containing the two cycles. The lattice L appears in the figure below. 
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Note that L is not Jordan; in general the fixed point lattices (Π(N)) σ are not themselves highly structured. However the meet sublatticê of L consisting of 1 together with all meets of coatoms in L is highly structured, in the above case isomorphic to the lattice of partitions of a 3 element set. We begin by investigating the coatoms of L. LEMMA Proof. Clearly each of the 2 sorts of partitions above is fixed by σ and each is a coatom in L.
Let 7 be a coatom of L where 7 = BJ jB k (Jc ^ 2). Suppose the blocks of 7 can be split into two disjoint σ-invariant sets S = {B h , ..-,*,,}
T={B hf
•••,*,,}.
Consider the partition 7' = (UB^S Bi)/(\J Bjeτ B ό ). Clearly 7'eL and 7 <^ 7' < 1. As 7 is a coatom of L, 7' = 7 and so u = v = 1. Thus 7 is of type (a). Otherwise, σ acts transitively on the set of blocks {B ly •••, B k }. Assume the B/s are numbered so that B { σ = B i+1 for i < k and B k σ = B x . Suppose k factors as k -rs where r > 1 and s ^ 1. Consider the partition Clearly γ'eL and 7 ^ 7' < 1, so 7 = 7'. Thus s = 1 and 7 is of type (b).
• There are 2™" 1 -1 coatoms of the kind outlined in (a); these will be called coatoms of type a. For each prime p dividing gcd (Zχ, ••',l m ) there are p m~γ coatoms of the kind outlined in (b); these will be called coatoms of type b.
Note that the coatoms of type a generate a sublattice of ^£ isomorphic to the lattice of partitions of {C u •••, C m }. In the case that gcd (Z lf , l m ) = 1 there are no coatoms in L of type b and so this sublattice is all of ^£.
A partition β in L with Z(σ, β) = x^ will be called periodic with period j. The preceding lemma states that every coatom of L is periodic with period 1 or with prime period. The next lemma will imply that every partition in ^ is periodic. LEMMA 
Let L be the fixed point partition lattice of σ and let ^ be the meet sublattice of L consisting of 1 together with all meets of coatoms of £. Let L and ^£ be as above. This is easily seen to be a 1-1 onto mapping between coatoms which extends to a lattice isomorphism between ^€ and ^.
•
In the next section we will study the structure of the latticê and in § 4 its associated geometry. By Lemma 4 we may reduce to the case of σ having m cycles of length j, where j is a product of distinct primes. 5* The supersolvability of ^C In this section we study the structure of ^. Without loss of generality, we assume that n = mj where j is the product of r distinct primes j -p x p r . We assume that σ is the permutation
and as before we call ((i -ϊ)j + 1, , ij) the ίth cycle of σ and denote it C t . Since σ is fixed we abbreviate Z(σ; β) and p(σ; β) by ϋΓ(/3) and p(β). Let L = (Π(N)) σ be the fixed point partial ordering of σ and let ^f be the meet sublattice of L consisting of 1 together with all meets of coatoms.
Let h be the partition in L which puts each cycle in a block by itself:
Note that /^ is the meet of all type a coatoms in L and so he ^C We call h the hinge of ^L EMMA 5. Iw ^^ we have
where Ό ά denotes the lattice of divisors of j and B r denotes the lattice of subsets of {1, 2, , r}.
Proof. First consider the interval
, m}) and every element of this interval is a meet of coatoms in the interval. Also each partition above h is fixed by σ and so [h, 1] £ L. It follows that [h, 1] £ ^£ which proves the first assertion.
For the second assertion, recall that each partition in ^/έ is periodic with period d dividing j. For d\j, there is a unique partition τ{d) below h of period d consisting of dm blocks. This partition is arrived at by dividing each cycle C { of σ into d blocks according to: LEMMA 6. In the lattice ^f, h has j™" 1 complements, and each complement c has the following properties:
Proof. Let ί 7 be the set of functions mapping {1, 2, , m -1} into the set {1,2, •••,;/}, and let feF.
Define a partition c{f) of the set {1, 2, , mj} as follows: (1) The element (m -ΐ)j + 1 (i.e., the first element in C m ) will be in a block with exactly one element from every other cycle, these m -1 elements being (s -l)i + f(s) s = 1, 2, , m -1. 
Consider the join h\/ c(f) in Π(N).
In h, every pair of elements in a common cycle are in the same block. In c(/), every two cycles have elements in the same block. So hVc(f) = 1.
Next consider the meet h/\c{f) in Π(N). In c(/), no two elements in the same cycle are in the same block whereas in h, no two elements in distinct cycles are in the same block. It follows that h A c(f) = 0.
So c(/) is a complement to h in Π(N) hence c(f) will be a complement to h in L. Hence c{f) will be a complement to h in ^£ provided c(f) is in ^C We examine the coatoms in L which sit above c(/); clearly all are of type b. Let p be a prime dividing j. Recall that if 7 is a type b coatom of period p then the element (m -l)j + 1 is in a block with exactly (j/p) elements from each block C t , and specifying any of these elements in C t specifies them all. It follows that there is a unique coatom of period p above c(f) for each prime p dividing j. The meet of these r coatoms has period j (by Lemma 3) and has the property that (m -l)j + 1 is in a block with at least one other element from each cycle. Clearly this meet is c(f), and so c{f) e ^C Let the r coatoms above c(f) be labelled 7Ϊ> ••"> T r so that y t is the coatom of period p i# Define a mapping φ: B r -> [c(f\ 1] by φ(φ) = 1, <p{β) = A ies 7* for S Φ 0 (here [c(/), 1] denotes the interval in ^). Obviously <£>(S) ^ φ(T) iff T £ S, and it is easy to check that φ is onto, φ is one-to-one by Lemma It remains to show that every complement of h in ^f is of the form c(f) for feF.
Let c be any complement of h in ^C As fc Λ c = 0, no two elements in a common cycle are in the same block of c. As AVc = l, every cycle must have an element in a block of c with some element of C m . By the invariance of c under σ, we may assume that the block of c containing (m -ϊ)j + 1 contains exactly one element from every other cycle. It is now clear how to define feF with c{f) = c.
• EXAMPLE 2. Let m = 3 and i = 2. So our permutation # = (1, 2)(3, 4)(5, 6). The lattice ^£ appears below; note that ^y£ is geo- metric. We will see later that ^ is geometric iff j is a prime. Here the hinge h is the partition 12/34/56. The coatoms of type a are the three to the left, those of type b are the four to the right. jm-i j s f our . £he f our complements of h are the four coatoms of type b.
In this section we prove that ^ is super solvable. This will require careful analysis of certain elements of ^C Recall that if x 6 ^ then x is periodic of some period d which divides j. We let Π(x) denote this number d. In the following sequence of lemmas, we explore the functions Π and p and show that a certain miximal chain from 0 to 1 in ^ consists of modular elements.
For x, y e ^f we let x V y denote the join of x and y in ^ and we let x\/ L y denote the join of x and y in L. As ^/ί is a meet sublattice of L we have x\/ L y ^ xV y; in general equality does not hold. For example, let j = 2 and m = 3 so a = (1, 2)(3, 4)(5, 6). Let x = 13/24/5/6 and let y = 14/23/5/6. Then x VLV = 1234/5/6 but xVy must have period 1 since both d and C 2 are in the same block of xy L y.
Hence xVy = 1234/56 (see Figure 3 ). The function ^, introduced in § 2, is defined for all xeL.
It is easy to check that p respects the join in
Proo/. Note that if <*), zz^€ and α> <; « then ^(ω) ^ |θ(»). So
Let z be the unique partition in ^ with | θ(β) = ρ(x) V /o(i/) and Π(z) = 1. Then « ^ α? and 2;^i/ so xV y ^ z.
It should be pointed out that the analogous statement for meets is false; i.e., in general we do not have ρ(x Ay) -p(%) Λp(y) As a counter example let j = 2 and m = 2 so α* = (1, 2)(3, 4). Let x -13/24 and let y -14/23. Then xΛv = 1/2/3/4 so p{xΛv) = 1/2. But p(x) = | θ(2/) = 12 so /o(α Λy) = 1/2 ^ 12 = ^(cc) Λ /θ(i/). However one case where equality holds will be of particular interest to us. (xAy) This shows that p(x)Λp(y) ρ (%Λy); the reverse inequality is easy to show.
We next consider the function 77. Again we will be interested in how it behaves with respect to the join operation in ^/£. there exists a sequence t6 = tt 0 , tc^ , u n such that ^, u i+1 are in the same block of either x or y and such that u n eC g .
It follows that M and u n are in the same block of x\f L y hence of xVί/ so ^ and n n are in the same cycle and in the same block of x V y. SO^-K ΞO (mod 77(x V y)). Since Π(x V 3/) = 77(cc VL 2/) we see that ^w Ξ= W (mod77(x\f L y).
By the above observation, ^w and w (hence u and w) are in the same block of x\f L y so xVy -^ x\/ L y and equality must hold.
Note that the sufficient condition for the equality of xVy and %VLV given in (C) is not a necessary condition. For a counterexample let j = 2 and m = 4 so σ -(1, 2)(3, 4)(5, 6) (7, 8) . Let a? = 14/23/58/67 and let y = 13/24/57/68. Then x\/y = x\/ y = 1234/5678 so Π(xVy) = 1 .
We can now construct the bottom half of our maximal chain of modular elements. Suppose p(x) = 0 and Π(x) -d. Then each block of x contains j/d elements; the blocks partition each cycle C t into d parts. The unique element x of ^€ satisfying these conditions is denoted τ (d) . Note that τ(j)-= 0 and r(i) = h.
LEMMA 10.
Let d/j and let y, ze
Proof. We first prove (A). Note that for any xe^ τ{d) Ax = τ(e) where e = lcm(d f Π(x)) and τ{d) V x is the unique element of ^£ above x which has period gcd (d, Π(x)) and cycle partition p(χ). From this it follows that z V (τ(d) A y) is the unique element of ^ above z which satisfies
By a similar argument one shows that (z V τ{d)) A y is the unique element of ^^ above z which satisfies
Here one needs to use the fact that z ^ y.
As z ^ 2/ we have Π(y)\Π(z). Also, the lattice of divisors of is modular which together with Π(y)\Π(z) gives lem(Π(y\ gcd (77(s), d)) = gcd (/7(s), Zcm(d, 77(2/))) .
The proof of (B) is somewhat easier. Assume z = /7(e) where d| Then
As before, the condition d|β together with the modularity of the lattice of divisors of j proves the desired equality.
Recall that j was assumed to be the product of r distinct primes 3 = PiP%" Pr For i = 1, 2, , r let t t = r(p 2 p 2 p f ), and let t Q = 0. Then 0 = ί 0 < ί x < < ί r = h is a maximal chain from 0 to h consisting of modular elements of ^€ (by Lemma 10).
For i = 1, 2, , m let s t denote the element of ^€ which has Proof. We first prove (A); assume z ^ y.
p(z V (s< Λ 2/)) = /o(s) V pfa A y) by Lemma 7 = |θ(2) V (/θ(β<) Λ p(y)) by Lemma 8 = (p(z)Vp(s i ))Aρ(y) the last equality holding since p(Si) is a modular element of Π(M).
Using Lemma 7 again we have
The last equality follows from Lemma 8 upon observing that z Vs* ^ s< so Π(z\/s^Πiβi) = and so z V (8, Λ 2/) = z \f L (8, Λ y) by Lemma 9(C). We now show that z V (s, Λ y) ^ (Si V z) A y which will imply equality since we know
p(zV(8 t Λv)) = ρ((s i Vz)Ay) and 77(2 V (s, Λ y)) -77((8, Vz)Λv).
Suppose u and v are in the same block of zV(SiAy). Since z V (8, Λ y) = z\Z L (SiAy) there exists a sequence w = w 0 , ^i, , u n -v such that u h u ι+1 are in the same block of either z or (SiAy)-Since z ^ y we see that tti, u ί+1 are in the same block of y so u and v are in the same block of y. Also %" u i+l are in the same block of either z or 8, so u and v are in the same block of zy L 8 t hence of z V 8 t . Thus u and v are in the same block of (z V s<) Λ y so (3 V y) ( 8i\/z)Λy* This completes the proof of (A).
The proof of (B) is the same with a minor exception. As in (A) we show that At this point a rough sketch of ^£ is helpful.
4* The geometric properties of ^£. Figure 4 suggests that might be geometric; in fact ^ is geometric iff j is prime. However ^/έ does give rise to a pregeometry (in the language of Crapo and Rota [1] ) which we will show in this section. To do so 0 = t n FIGURE 4 332 PHIL HANLON we need notation for certain elements of ^£. Some of this notation has already been established; for completeness it is listed below again.
( 
and Π(x) is j/p then x -τ(j/p). If p(x) is an atom and Π(x)
is jjp then we have 0 < τ(j/p) < x which is impossible.
Lastly suppose Π(x) = j and p(x) is the atom in Π(^/f) which has exactly one block of size 2 containing p and q with p < q.
It is in a block of size 2 with a unique element of C q9 say (q -ί)j + (r + 1) for 0 ^ r ^ j -1. It is now clear that x = α(p, #, r). For the remainder of this paper, A denotes the set of type a atoms and B denotes the set of type b atoms. Let βeΠ(M) and let feF.
Then Assume that a(p, q, r) e B(β, f) so r = f(q) -/(p) mod j. Choose a sequence α(p 0 , p lf r x ), α(^2, p 2 , r 2 ), , a{p n _ u p n , r n ) e S B such that p = Po and q = p n . This can be done by definition of /3. As & <£ c(/) for all xeS B we know
Hence r Ξ χ,Γ=i r ι (mod jf). Since a; <Ξ c(βr) for all a;eS 5 we also have r x ΞΞ g(pι) -gipi-ί) (mod j). The same telescoping sum shows that
and so a(p, q, r) e B(β; g) as desired.
It is easy to show that is a closure operator-the verification is left to the reader. The next lemma shows that ~ also satisfies the exchange condition thus making (β, ~) into a pregeometry. We first need the following technical lemma. For I e B t define
Note that g(p) = f(q) -r = g(q) -r (modi). Thus g(q) -g(p)
= r (mod j) and so y ^ c(flr). Suppose ^eS 5 , 2 = α(^> x , QΊ, rj. If p lf q 1 eBi
So « ^ c(fir) as was to be shown.
As before, βf(g) Ξ /(p) + r = ^r(p) + r (mod i) so 7/ ^ c(flf). For 2 e as in Case 1.
THEOREM 2. (^ ~) is a pregeometry.
Proof. We need to show that ~ satisfies the following exchange property (*):
Since S is properly contained in S U {y} we see that S has the form B(β f) for some feF and that SU {y} = S(/9) U A. As xe Since a; e S there is no function feF with x <* c(/) and z ^ c(/) for all z e S. Thus S U {«} = 5(/3) U A and so # e {x}. Let G be the subset of ^£ consisting of all elements of period 1 together with all elements of period j. It is clear that if x, y eG then x Ay eG so G is closed under meets.
Given any element x of ^f, there is a unique smallest element of period 1 which is greater than or equal to x f this being σ (p(x) ). In particular this is true of x = y V z for y, zeG.
Thus G has a join operation V<? defined as follows; for y f zeG
G is a meet sublattice of ^£ hence of L and so of i7 ({l, 2, , mj}) . For the remainder of the paper we continue to let V, Λ denote the join and meet of ^ and V<?> Λ<? denote the join and meet of G. j complements of h.
FIGURE 5
Let G denote the lattice of flats of the pregeometry (^ ""). We know that G is a geometric lattice. Define φ: G ->G as follow; ( 1 ) Proof. It is easy to verify that φ is one-to-one, and onto, φ is obviously order-preserving hence ψ is a lattice isomorphism. The matroid properties given in A, B and C are clear; proofs are left to the reader. COROLLARY 1. ^C is geometric iff j is prime, or m = 1.
Proof. If j is prime then ^ -G and so the result follows from the last theorem. If m = 1 then ^/ί is isomorphic to the Boolean algebra B r (i.e., lattice of divisors of j), and so ^/έ is geometric.
Conversely, suppose j is not prime and m > 1. We show that £ is not geometric.
Consider the join of the two atoms α(l, 2, 1) and α(l, 2, 2). It is clear that these two do not both sit below c(f) for some / hence ail, 2, l)V^a(X, 2, 2) -σ(β) > h where β = {1, 2}/{3}/ /{m}. But since i is not prime and [0, h] = B r we see that the rank of h is at least 2 so the rank of σ(β) is at least 3. So ^£ is not geometric.
Return to Figure 3 , where j = 2 and m = 3. Corollary 1 tells us that ^^ff is geometric in this case. In fact, its easy to check that this particular _y£ is the projective plane of order 2. 5* The Birkhoίϊ polynomial of ^C The purpose of this section is to determine the Birkhoff polynomial of ^fί. Some results in this section will be proved in a more general framework and then specialized to ^y£. We begin with some well-known facts about closure operators on lattices.
Let K be a finite lattice with join and meet operations V* an( i Ax Let x-*x be a closure operator and let K denote the set of closed elements of K. Then K is a lattice with join V^ and meet A i given by xVv=aV# Let heK.
Define G(h) to be the set of elements of K whose meet with h is either 0 or h. Define a map x->x from K to K by Proof. Let S be a chain in G(fe), and let T be the sublattice of G(h) generated by 2f and C. Note that T is contained in the sublattice of K generated by C and £& since feeC. Also observe that T is closed under joins in K, if x 9 y e Γ with x Ah = y Ah = 0
The first equality follows by the fact that C is an M-chain for K. Let α, 6 and ceT. Then
This proves the lemma. Apply the last result to ^f with h as in § § 3 and 4. Note that G -G{h) and so we see that G is a supersolvable geometric lattice with ikf-chain 0 < h -s w _! < s m _ 2 < "-< s, < s 0 = 1 .
We now use methods of Stanley to evaluate the Birkhoff polynomial of T HEOREM 4. Let JB^(λ) denote the Birkhoff polynomial of ^fί. Then 
where r(δ) denotes the rank of b. The proof is exactly the same as the proof of Theorem 2 given in Stanley [3] . In this proof Stanley assumes that the lattice L under consideration is geometric whereaŝ is not in general geometric. However he only uses that L is geometic to prove his Lemmas 1 and 2. Lemma 1 still holds since we've shown h is modular in ^ (see Lemma 10). We now prove his Lemma 2; i.e., we show that for any ye^f, h/\y is a modular element of [0, y] .
Suppose a e [0, y] and b ^ a. Then
This part of the proof comes directly from Stanley [3, pg. 216 Recall that an M-chain for G is 0 < s m < s m _ x < < s Q = 1. For i = 0 to m -1, let α< denote the number of atoms of G which are less than or equal to s 4 but not less than or equal to β i+1 . By where α* is the number of atoms a of ^ which satisfy a <* s if a ^ s^.
The assumption that the map z -> z V y is one-to-one is necessary.
Consider for example
It is easy to check that 0<α<fc<lisan Λf-chain for this lattice; note that the map from [0, h] to [y, yVh] given by z -* zV h is not one-to-one (h and b have the same image).
G(h) =
-o so G(h) is geometric. It is easy to check that a t = 1 and B h (x) = (λ -I) 2 so B h (X)(X -a,) = (λ -I) 3 .
However one can check that B M (X) -λ(λ -l)(λ -2) and so Theorem 4A does not hold.
